We analyse the Lorentz structures of weak decay matrix elements between meson states of arbitrary spin. Simplifications arise in the transition amplitudes for a heavy meson decaying into the light one via a Bethe-Salpeter approach which incorporates heavy quark symmetry. Phenomenological consequences of our results on several semileptonic, nonleptonic and flavour changing neutral current-induced decays of heavy flavoured mesons are derived and discussed.
Thus those rare processes tell us something about the hadronic structure of light meson resonances, apart from giving us information about weak interaction elements; hadronic matrix elements in weak decays have certainly attracted much theoretical attention since it is hard to calculate them directly from the first QCD principles. The main purpose of this paper is to explore and understand the Lorentz structures of transition matrix elements of the weak current between meson states of arbitrary spin. Most of the recent progress in the heavy quark effective theory has been concentrated in the area of heavy hadron to heavy hadron transitions [1, [3] [4] [5] [6] [7] [8] ; but a few results have appeared in the literature about heavy to light hadron transitions in their ground states [2, 3] . It is our aim here to extend the arguments to the heavy to light meson resonances of arbitrary spin.
We will begin by outlining a general rule for counting the number of form factors representing independent Lorentz structures in Section II and we present explicit forms of those elements for processes, 0 → J ′ and 1 → J ′ before detailing the general case J → J ′ . It is widely accepted that the heavy quark limit is a reliable approximation for treating mesons and baryons containing a b-quark, as long as the recoil between the b and the light degrees of freedom is not particularly large. Therefore in Section III we take that limit for the initial B-mesons and show how the number of form factors is reduced. The expressions for decay rates (in terms of those form factors) are worked out in Section IV and our conclusions are stated in Section V. An appendix contains some useful technicalities about sums over polarization tensors.
II. HADRONIC MATRIX ELEMENTS
We begin with considering the matrix elements of a vector (or axial) current between a spin J = 0 meson state of momentum p and a meson resonance of momentum p ′ with spin J ′ . For the simple case when J ′ = 0, it is well-known that there are just two Lorentz invariant form factors parametrizing the matrix element:
where q = p − p ′ and we have made no assumptions about current conservation at this stage. Allowing also for the Levi-Civita tensor (since we have made no assumptions about parity as yet), we arrive at four form factors:
Naturally, if we impose parity conservation, then either one or three of the above structures disappear.
For higher spin J ′ , we may represent the final meson by a Lorentz tensor of rank
; it is of course transverse to p ′ , symmetric and traceless. Because the final result must be a Lorentz vector, the indices of the polarization tensor may either be completely saturated with p to form the scalar φ
As well we should allow for a Levi-Civita tensor coupling to the polarization tensor in the form
Altogether then we can construct the vectorial matrix element
Some remarks are in order at this stage:
(1) Except for the case J ′ = 0 case where the number of independent form factors is two, there are at most four form factors for arbitrary higher spin J ′ when J = 0.
(2) The number of form factors depends of course on the angular momentum which the current carries. The transverse part of a vector (or axial) current will carry spin-1, while the longitudinal part corresponds to spin-0 and is not relevant for conserved currents. Thus we may associate three pieces of (2) with orbital angular momentum J ′ + 1, J ′ and J ′ − 1 for the transverse current, and one orbital piece J ′ for the longitudinal current. In the special case J ′ = 0, one transverse form factor and one longitudinal form factor survive.
(3) Keeping these points in mind and following the authors of ref. [10] , it is appropriate to express the vectorial matrix element for general J ′ in the form,
where the last two terms are not present when J ′ = 0.
With the experience gained from the work presented in previous paragraph, we may now analyse matrix elements between initial spin-1 state and a final state of arbitary spin. For the 1 → 0 case, all results for 0 → 1 discussed previously are retained except that one should replace the final polarization vector by the initial one and exchange momenta (crossing).
When both final and initial spins are 1, we have two polarization vectors, the initial φ µ and the final φ ′ * ν ; the matrix element is a bilinear of them. From them we can firstly construct scalar invariants like
In combination with either p µ or p ′ µ , each of the above three scalars generates two form factors; so at the moment we have six in all. Next, allowing the polarization vectors to carry the Lorentz index of the current, we gain two more form factors:
Finally, using the Levi-Civita tensor we get two more structures,
In all there are therefore ten form factors in the case J = J ′ = 1. Although one can contemplate structures like
the identity
can be massaged to show that these new terms are not independent of the previous ones.
Now we proceed to matrix elements for 1 → J ′ ≥ 2. Besides the polarization vector φ µ of the initial meson, we have the Lorenz tensor of rank
When this polarization tensor occurs in the contracted vector form
we can repeat the earlier analysis (1 → 1) and obtain ten form factors. In addition we should consider the possibility that two indices remain uncontracted:
from which we can build two more vectorial covariants,
Hence the number of form factors rises to twelve. As far as the counting is concerned, this ties in very nicely with the classical analysis based on angular momentum addition:
(1) Letting S = 1 correspond to the transverse current and coupling it to J = 1, we obtain total spin 2, 1, 0. To these we may add orbital angular momenta form factors when J ′ ≥ 2.
(2) Setting S = 0 for the longitudinal part, there is only total spin 1 (of the initial meson).
So here we get 3 form factors, associated with
Adding (1) and (2), the total (maximum) number of form factors is twelve -but is of course reduced to a fewer number when J ′ ≤ 1.
We are now in a position to outline the general rule for counting how many independent form factors are needed to describe a vector (or axial) current between spin-J and spin-
The analysis is best carried out in the channel of the current. First we decompose the current itself into a transverse part (S = 1) and a longitudinal part (S = 0).
Secondly we compose the spins of the two mesons into the set
and ask what angular momentum values L are needed to give total spin S. For S = 0, L necessarily equals the total mesons' spin, while for S = 1 there is a three-fold possibility for L (assuming the total mesons' spin exceeds 0). Hence the total number of L-values, and thus form factors, equals the sum N of N 0 and N 1 where
These structures may be given a Lorentz covariant form. We shall not write them all out as they are not needed in the present investigation. We will just content ourselves by stating what they reduce to at a special kinematical point, zero recoil, where Mp ′ = M ′ p and M, M ′ stand for the masses of the mesons in the initial and final states. In this limit only 3 structures survive for the element J ′ |J λ |J , namely,
III. HEAVY TO LIGHT TRANSITIONS
It has been demonstrated that Bethe-Salpeter approach is as useful as the so-called tensor method of the heavy quark effective theory for treating hadronic matrix elements [3, 6, 8] . We shall use this approach, incorporating heavy quark symmetry, to investigate weak decays of a heavy meson into light resonances in this section. In analogy to the interpolating field method, we shall consider the Bethe-Salpeter amplitude φ β α =< 0|T Q αq β |p > for the meson state in momentum-space,
where the spin-parity projector χ represents the Lorentz-covariant wavefunction of the external meson. The structure of spin-parity projectors for resonances of higher spin have been worked out by us [7, 8] and here we just list the results:
and
where we have adopted the standard notation 2S+1 L J and d µν (p) is given in the Appendix.
The parity of the meson resonances is given by (−1) L+1 and CP = −1 for the singlet and +1 for triplet. When a heavy meson contains an on-shell heavy quark, one has further
For heavy mesons, it is conventional to organize the terms as eigenfunctions of projectors corresponding to the total angular momentum of the light degrees of freedom. Even though we really have no detailed knowledge of the configuration of the light degrees of freedom, the decoupling of the heavy quark spin tells us the two components in a doublet generated by the heavy quark spin operator tie in with those of the light degrees of freedom. Using this line of argument the spin-parity operators have been presented by Falk [5] and are related to ours through Clebsch-Gordan coefficients. We will return to this issue soon. The matrix element for the heavy to light transition takes the form [9]
The overlap integral M involves the light degrees of freedom in both heavy and light hadrons and embodies the spin and parity of the light meson,
Here Lorentz index. For a final resonance which is a spin singlet, we remain with
To explain why that is all, we note that P {µ 1 ···µ L ′ } is transverse to p and traceless so that only products of v µ and γ µ may be contracted with it. Hence a product involving v µ purely gives the first two form factors in Eq.(13). Furthermore, since γ µ γ ν = g µν − iσ µν , and bearing in mind the symmetry property, two gamma matrices are not permitted; only one γ µ is allowed, its position being irrelevant. Hence we have the second two terms (which are absent when
We turn now to the spin triplet. For J ′ = L ′ + 1 resonances, we shall build up the Dirac bispinor M using V
{µµ 1 ···µ L ′ } (p) and v and Dirac matrices. Notice that V L ′ +1 has the same properties as P in Eq.(13), except for the rank which does not matter. This leads us to
The analysis for J ′ = L ′ resonances of the spin triplet instead goes as follows. On the face of it we can construct the following Lorentz scalars
and terms with an additional p. However using identities
all of these structures can be reduced into four independent forms, namely
Apart from the change in the value of S the structure of M(v, p) is exactly the same as that for resonances of spin singlet in Eq.(13). Following a similar procedure it is straightforward to work out the results for spin triplet of However given a particular current it is possible for some of them to be absent.
(2) p-wave → J ′ Here it will prove convenient to mix the 1 P 1 and 3 P 1 states of the heavy decaying meson to track the spin of the constituent light degrees of freedom. The way to do this has been delineated in ref. [5] , and in our case we state the decomposition much more explicitly. Given our spin-parity projectors for p-wave,
we arrange them into a pair of doublets corresponding with two distinct states of the total light angular momentum. Thus the doublet of higher spin (1
and the lower spin doublet (0
where
φ ν and the constraint, γ ν χ (⇑) ν = 0 applies to the components of (1
doublets. In fact when we take the trace according to Eq.(10) with the spin-parity projector
us a scalar matrix in Dirac space. The ensuing analysis is thus exactly the same as the (0 − , 1 − ) doublet and we do not repeat it here. With respect to the projector for the χ
for L ′ = 0 and like before, the scalar M 0 can be expressed in terms of two unknown functions.
which formally has the the same structure as the M in Eq.(13). In addition to those four form factors, we need two more to describe
making a total of six. A similar analysis for L ′ ≥ 2 produces the forms
to each of which belong four form factors. Therefore we finish up with eight form factors. We are now in a position to complete our analysis for the general case. We rearrange the four states,
, and 1 L L into a pair of doublets:
(The 'mixing angle' is uniform for all L.) For the higher spin doublet (L, L + 1) we have the This leads us to the conclusion that the number of independent form factors is 4L ′ + 2 if
The situation for heavy to heavy transitions is simpler. Since the spin-parity projector for the final resonance is also a Rarita-Schwinger object (γ µ P { µ · · ·} = 0), form factors
do not contribute, and G
collapse into one form factor for an on-shell heavy quark ( p = M ′ ).
IV. EXCLUSIVE DECAY RATES
Based on the matrix elements obtained previously, we shall now evaluate rates for various exclusive processes including semileptonic, non-leptonic and rare decays. We shall restrict ourselves to pseudoscalarB-decays into the light resonances of spin-J. Thus we make the substitutions J → 0 and J ′ → J in the earlier formulae. As expected, all of these exclusive rates are written in terms of 4 form factors. Here are the results case by case.
A. Non-leptonic B-decays into K-meson resonances plus charmonia
We consider the 2-body hadronic decaysB → K i (cc), in which charmonia (cc) could be J/ψ, ψ ′ , χ 1c , η c , etc.. The effective Hamiltonian relevant to processes b → scc is given by [11] H ef f = Csγ
with
Here V cs and V cb are elements of CKM matrix and c 1 and c 2 are Wilson coefficients. Assuming factorization and using decay constants f P q µ =< 0|cγ µ γ 5 c|(cc) P > for the pseudoscalar charmonium like η c , and f V φ µ =< 0|cγ µ c|(cc) V > for the vector charmonium like J/ψ, results in
The exclusive decay rate forB → K i (cc) P depends only upon the longitudinal part of the matrix element, namely the F 0 -term of the parametrization in Eq.(3). Making use of the general formula for polarization sums in the Appendix, we arrive at the decay rate
. This longitudinal form factor F 0 may be related our to our set G i via
where the upper sign applies to J = L and the lower one to J = L ± 1.
Similarly, the Lorentz invariant form factors in Eq.(2) for V − A currents are related to
. There is but a single form factor H (J) and this is related to our form factors G i ,
, with the upper (lower) sign for J = L (J = L ± 1). The ground state version of similar relation was obtained in ref. [2] .
V. CONCLUSION
We have outlined the general Lorentz structure for matrix elements of current operators between meson states with arbitrary spins with particular focus on a pseudoscalar (or scalar)
meson decaying into resonances of higher spin. The matrix element for these processes resembles very closely the extensively studied 0 − → 1 − decays. Without reference to parity, three form factors pertain to the transverse (conserved) part of the current. One extra form factor is needed to describe the longitudinal part. If the full angular distribution of the exclusive rate can be determined experimentally then it is possible in principle to extract each of the 4 form factors.
Using the heavy quark approximation for the decaying heavy flavoured meson, we may achieve a great simplification in the matrix elements, reflected in a decrease of the number of form factors; such matrix elements may be expressed in terms of a set of universal form factors which are independent of the mass and spin of the heavy quark inside the decaying heavy meson, as well as the Dirac structure of the current operator. Four of these form factors, for instance, are sufficient to parametrize any matrix elements between 0 − and spin-J states. Importantly, this allows us to link various decay processes induced by different currents: for example, semileptonic decays via V − A and rare decays by an effective current (arising from one-loop diagrams).
At the phenomenological level, we have formulated rates for various exclusiveB-decays into light resonances of higher spin and expressed them in terms of certain universal form factors. As more experimental measurements ofB-decays become available in the near future, we may hope to determine these form factors through different decay modes and thereby test the heavy quark approximation. To be sure all of these results can be applied to D-meson decays too, as long as we assume the charm quark is heavy enough compared to the QCD scale. In this way one may use the heavy flavour symmetry to relate universal form factors between B-meson and D-meson decays.
A parallel analysis for baryonic states is currently being undertaken.
